In this paper, some approximation properties of (p, q)-analogue of Bernstein-Stancu Operators has been studied. Rate of statistical convergence by means of modulus of continuity and Lipschitz type maximal functions has been investigated. Monotonicity of (p, q)-Bernstein-Stancu Operators and a global approximation theorem by means of Ditzian-Totik modulus of smoothness is established. A quantitative Voronovskaja type theorem is developed for these operators. Furthermore, we show comparisons and some illustrative graphics for the convergence of operators to a function.
Introduction and preliminaries
Mursaleen et al. [18] first applied the concept of (p, q)-calculus in approximation theory and introduced the (p, q)-analogue of Bernstein operators. Later on, based on (p, q)-integers, some approximation results for Bernstein-Stancu operators, Bernstein-Kantorovich operators, Bleimann-Butzer and Hahn operators, (p, q)-Lorentz operators, Bernstein-Shurer operators, (p, q)-analogue of divided difference and Bernstein operators etc. have also been introduced by them in [19, 20, 21, 23, 25, 24] .
For similar works in approximation theory [37] based on q and (p, q)-integers, one can refer [1, 2, 3, 4, 5, 8, 12, 14, 22, 28, 32, 31, 38, 40, 41] . Motivated by the work of Mursaleen et al [18] , the idea of (p, q)-calculus and its importance.
Very recently, Khalid et al. [33, 34, 35, 36] has given a nice application in computer-aided geometric design and applied these Bernstein basis for construction of (p, q)-Bézier curves and surfaces based on (p, q)-integers which is further generalization of q-Bézier curves and surfaces [7, 27, 29, 30, 37, 39] . For similar works, one can refer [7, 27] . Another advantage of using the parameter p has been discussed in [23] .
Let us recall certain notations of (p, q)-calculus . Also the (p, q)-binomial coefficient is defined by
for all n, k ∈ N with n ≥ k.
The formula for (p, q)-binomial expansion is as follows:
Details on (p, q)-calculus can be found in [10, 11, 18, 33, 34, 36] .
The (p, q)-Bernstein Operators introduced by Mursaleen et al. for 0 < q < p ≤ 1 in [18] are as follow:
(1.1)
Note when p = 1, (p, q)-Bernstein Operators given by (1.1) turns out to be q-Bernstein Operators.
Also, we have
Motivated by the above mentioned work on (p, q)-approximation and its application, this paper is organized as follows: In Section 2, some basic results for (p, q)-analogue of Bernstein-Stancu Operators as given in [20] has been recalled and based on it, second order moment is computed. In section 3, Korovkin's type statistical approximation properties has been studied for these operators. In section 4, rate of statistical convergence by means of modulus of continuity and Lipschitz type maximal functions has been investigated. Section 5 is based on monotonicity of (p, q)-Bernstein-Stancu Operators. In section 6, a global approximation theorem by means of Ditzian-Totik modulus of smoothness and a quantitative Voronovskaja type theorem is established. The effects of the parameters p and q for the convergence of operators to a function is shown in section 7 .
(p, q)-Bernstein Stancu operators
Mursaleen et. al in [20] introduced (p, q)-analogue of Bernstein-Stancu operators as follow:
(2.1) where α and β are real numbers which satisfy 0 ≤ α ≤ β.
Note that for α = β = 0, (p, q)-Bernstein-Stancu operators given by (2.1) reduces into (p, q)-Bernstein operators as given in [18] .
Also for p = 1, (p, q)-Bernstein-Stancu operators given by (2.1) turn out to be q-Bernstein-Stancu operators.
For p = q = 1, it reduces to classical Bernstein-Stancu operators.
We have the following auxiliary lemmas:
Proof: Proof is given in [20] using the identity
We give complete proof of Lemma 1 (iii) (iii)
On shifting the limits and using
Let n be any given natural number, then
Main Results
Korovkin type approximation theorem
We know that C[a, b] is a Banach space with norm
For typographical convenience, we will write . in place of . C [a,b] if no confusion arises. 
The classical Korovkin type approximation theorem can be stated as follows [6, 13] ;
, where the test function f i (x) = x i . In next section, we study a statistical approximation properties of the operator S n,p,q .
Statistical approximation
The statistical version of Korovkin theorem for sequence of positive linear operators has been given by Gadjiev and Orhan [17] .
Let K be a subset of the set N of natural numbers. Then, the asymptotic density δ(K) of K is defined as δ(K) = lim n 1 n {k ≤ n : k ∈ K} and |.| represents the cardinality of the enclosed set. A sequence x = (x k ) said to be statistically convergent to the number L if for each ε > 0, the set K(ε) = {k ≤ n : |x k −L| > ε} has asymptotic density zero (see [15, 16] ), i.e.,
In this case, we write st − lim x = L. Let us recall the following theorem:
Korovkin Type statistical approximation properties
The main aim of this paper is to obtain the korovkin type statistical approximation properties of operators defined in (2.1) with the help of Theorem (3.2). In order to reach to convergence results of the operator L n p,q (f ; x), we take a sequence q n ∈ (0, 1) and p n ∈ (q n , 1] such that lim 
For a given ǫ > 0, let us define the following sets.
Lastly for ν = 2, we have
If we choose
Now given ǫ > 0, we define the following four sets:
It is obvious thatU ⊆ U 1 U 2 U 3 . Thus we obtain
So the right hand side of the inequalities is zero by (3.1).
Then st − lim n S n,p,q (t; x) − x = 0 holds and thus the proof is completed. If we choose
Then st − lim n S n,p,q (t; x) − x = 0 holds and thus the proof is completed.
Rate of Statstical Convergence
In this part, rates of statistical convergence of the operators (2.1) by means of modulus of continuity and LIPSCHITZ TYPE maximal functions are introduced.
The modulus of continuity for the space of function f ∈ C[0, 1] is defined by w(f ; δ) = sup and
Theorem 4.1 Let the sequence p = p n and q = q n satisfy for 0 < q n < p n ≤ 1, so we have
by using (4.2), we get
By using Cauchy Schwarz inequality, we have
so it is obvious by choosing δ n as in (4.3) the theorem is proved.
Notice that by the condition in (4.1) st − lim n δ n = 0, by (4.1) we have
This gives us the pointwise rate of statistical convergence of the operators S n,p,q (f ; x) to f (x).
Monotonicity for convex functions
Oruç and Phillips proved that when the function f is convex on [0, 1], its q-Bernstein operators are monotonic decreasing. In this section we will study the monotonicity of (p, q)-Bernstein Stancu operators.
Theorem 5.1 If f is convex function on
Using Lemma 2.1, it follows that
From the convexity of the function f, we get
Theorem 5.2 Let f be convex on [0, 1]. ThenS n−1,p,q (f ; x) ≥ S n,p,q (f ; x) for 0 < q < p ≤ 1, 0 ≤ x ≤ 1, and n ≥ 2. If f ∈ C[0, 1] the inequality holds strictly for 0 < x < 1 unless f is linear in each of the intervals between consecutive knots
, 0 ≤ k ≤ n − 1, in which case we have the equality.
Proof: For 0 < q < p ≤ 1, we begin by writing
and using the following relation:
We find
where
.
From (5.1) it is clear that each ψ k (x) is non-negative on [0, 1] for 0 < q < p ≤ 1 and, thus, it suffices to show that each a k is non-negative.
Since f is convex on [0, 1] then for any t 0 , t 1 and λ ∈ [0, 1] it follows that
, and
and λ ∈ (0, 1) for 1 ≤ k ≤ n − 1, and we deduce that
We have equality for x = 0 and x = 1, since the Bernstein polynomials interpolate f on these end points.The inequality will be strict for 0 < x < 1 unless when f is linear in each of the intervals between consecutive knots
then we have
for 0 ≤ x ≤ 1.
A Global Approximation theorem
In this section, we establish a global approximation theorem by means of Ditzian-Totik modulus of smoothness and Voronovskaja type approximation result. In order to prove our next result, we recall the definitions of the Ditzian-Totik first order modulus of smoothness and the K-functional. Let φ(x) = √ x(1 − x) and f ∈ C[0, 1]. The first order modulus of smoothness is given by
The corresponding k-functional to (6.3) is defined by 
where C is a constant independent of n and x.
Proof: Using the representation
we get
For any x ∈ (0, 1) and t ∈ [0, 1], we find that
From (6.3) -(6.5) and using the Cauchy -Schwarz inequality, we obtain
Using lemma (2.2), we get
Now using the above inequality we can write
Taking the infimum on the right hand side of the above inequality over all g ∈ W φ [0, 1], we get
. 
where x ∈ [0, 1] and ⌊a⌋ is the integral part of a ≥ 0.
Throughout this proof, C denotes a constant not necessarily the same at each occurrence. Now combining (6.6) -(6.7) and applying lemma (2.2), the cauchy-schwarz inequality, We get
φg ′ } (6.15) Taking the infimum on the right -hand side of the above relations over g ∈ W φ [0, 1], we get
2 )CK φ (f ′′ (6.16) Using (8.9) and(7.2) the theorem is proved.
Graphical Analysis
With the help of Matlab, we show comparisons and some illustrative graphics for the convergence of operators (2.1) to the function f (x) = 1 + x 3 sin(14x) under different parameters.
From figure 1(a) , it can be observed that as the value the q and p approaches towards 1 provided 0 < q < p ≤ 1, (p, q)-Bernstein Stancu operators given by (2.1) converges towards the function.
From figure 1(a) and (b) , it can be observed that for α = β = 0, as the value the n increases, (p, q)-Bernstein Stancu operators given by 2.1 converges towards the function f (x) = 1 + x 3 sin(14x).
Similarly from figure 2(a), it can be observed that for α = β = 3, as the value the q and p approaches towards 1 provided 0 < q < p ≤ 1, (p, q)-Bernstein Stancu operators given by 2.1 converges towards the function.
From figure 2(a) and (b), it can be observed that as the value the n increases, (p, q)-Bernstein Stancu operators given by f (x) = 1 + x 3 sin(14x) converges towards the function. 
